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Abstract. In this paper we analyze some applications of the category of 
exterior spaces to the study of dynamical systems (flows). We study the notion 
of an absorbing open subset of a dynamical system; i.e., an open subset that 
contains the "future part" of all the trajectories. The family of all absorbing 
open subsets is a quasi-filtcr which gives the structure of an exterior space 
to the flow. The limit space and end space of an exterior space is used to 
construct the limit spaces and end spaces of a dynamical system. On the 
one hand, for a dynamical system two limits spaces L r (X) and L T (X) are 
constructed and their relations with the subflows of periodic, Poisson stable 
points and f2 r -limits of X are analyzed. On the other hand, different end 
spaces are also associated to a dynamical system having the property that 
any positive semi-trajectory has an end point in these end spaces. This type 
of construction permits us to consider the subflow containing all trajectories 
finishing at an end point a. When a runs over the set of all end points, we 
have an induced decomposition of a dynamical system as a disjoint union of 
stable (at infinity) subflows. 



1. Introduction 

Many natural phenomena can be modelized by means of a family of differential 
equations and each one can be put (maybe after some manipulations) in the form 
4> = f{4>), where </> are local coordinates in an open neighborhood of the point 
p £ M, where M is an m-dimensional manifold, <j) are the coordinates of tangent 
vectors in the open neighborhood of the point p £ M and / is a real valued function 
whose domain is an open of K m . 

Under the assumption of / being locally lipschitzian, an initial condition P (O) = 
p uniquely determines a maximal solution <j) p {t). However, the domain of (j) p {t) does 
not need to be the whole real line K, but only an open interval, (a p , V) C M , a p < 
< b p , which depends on the initial condition. All the solutions give a local flow 

W —¥ M, <j)(t,p) — <j) p (t), where W is an open subset ofRxM containing 
{0} x M and if we denote <j> s (p) = <l>(s,p), (s,p) £ W, <fi satisfies <po = idAf, 
4>t4> s = <t>t+s, wherever it makes sense. The space M is called the phase space and 
(f> is also called the phase map. The trajectory of a point p £ M is the subset 
lip) = {<K*>P)I* ^ ( aP >b p )}. It is easy to check that M is a disjoint union of 
trajectories. We note that when a trajectory has more than one point, a natural 
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orientation is induced by the canonical orientation of the real numbers BL Then, we 
can consider M as a disjoint union of critical trajectories and oriented trajectories 
to obtain a phase portrait of the dynamical system cf>. It is well known that (under 
some assumptions, see |3J) if <p is a local flow on M, then there exists a global 
(W = Ix M ) flow cj) in M such that the oriented trajectories of (p and 4> coincide. 
Consequently their phase portraits are the same. As a consequence of this type 
of result we have considered convenient to reduce our study to the case of global 
flows. This allows us a functorial approach to the study of dynamical systems and 
their properties. 

On the other side, for every topological space X, a continuous map ixl -> X 
induces a group homomorphism (p: K — > Aut(A), where Aut(X) is the group of 
homeomorphisms of X provided with the compact-open topology. This fact permits 
to study a flow as a particular case of a transformation group. 

The pioneering work of H. Poincare in the late XIX century studied the 

topological properties of solutions of autonomous ordinary differential equations. 
We can also mention the work of A. M. Lyapunov [15] who developed his theory 
of stability of a motion (solution) of a system of n first order ordinary differential 
equations. While much of Poincare's work analyzed the global properties of the 
system, Lyapunov's work looks at the local stability of a dynamical system. The 
theory of dynamical systems reached a great development with the work of G.D. 
Birkhoff [2], who may be considered as the founder of this theory. He established 
two main lines in the study of dynamical systems: the topological theory and the 
ergodic theory. 

In this paper, we describe some basic ideas that permit a new treatment of the 
study of dynamical system. Previously, the authors have developed some results 
on proper homotopy theory and exterior homotopy theory to classify non compact 
spaces and to study the shape of a compact metric space. In this work, the main 
objective proposed by the authors is to describe functorially a way of using exterior 
spaces to study dynamical systems. In our approach, the main key to establish 
a connection between exterior spaces and dynamical systems is the notion of ab- 
sorbing open region (or r-exterior subset). Given a flow on space X, an open set 
E is said to be r-exterior if for every x £ X there is ro £ K such that r ■ x £ E 
for r > tq. The space X together with the family of r-exterior open subsets is an 
exterior space which is denoted by X T . 

On the one hand, using exterior spaces, we construct two limit subflows L r (X) 
and L r (X) associated with a flow X. One of the important results of our study 
(see Corollary 6.14| is the following: 

If X is a locally compact T3 space, then L r (X) = P(X) and L r (X) — Q r (X); 
furthermore we have that 



U{X) = P(X) C P r (X) C fl r (X) C O r (A) = L r (X), 

where P{X) is the subflow of periodic points, P T (X) is the subflow of right (positive) 
Poisson stable points and £l T (X) = [J xGX u> v (x) (u T (x) is the right limit set of the 
point x £ X). Under the condition of being r- regular at infinity (see Proposition 



3.141, we have that L r (X) = L r (X) and in some cases we can also ensure that 



L T {X) is compact. The constructions L r ,L r induce classifications (for flows) of 
the following type: Two flows X, Y are said to be L-equivalent if there is a flow 
morphism / : X — > Y such that L{f) is a homotopy equivalence. This will determine 
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equivalence classes of flows having, for instance, the same number of critical points 
or the 'same type' of periodic trajectories. 

On the other hand, using again exterior spaces, we construct 'slightly different' 
end spaces ttq(X), c r (X), %o T (X), c r (X), which agree when X is locally path- 
connected and r-regular at infinity. In this case, the end spaces have a pro-discrete 
topology (with additional conditions, a pro-finite topology). The importance of 
this end space is that each right semi-trajectory of the flow has an end point in this 
space. This fact permits to give a set map (D r : X — > c r (X) and the corresponding 
w r -decomposition of the flow 

X= \_\ X {ria y 
aSc r (X) 

In general, there are end points which are not reached by right semi-trajectories 
and there are end points of semi-trajectories that are not reached by right semi- 
trajectories contained in the limit subflow. In this paper, we give sufficient condi- 
tions to ensure that an end point can be reached by right semi-trajectories of L(X) 



(see Proposition 4.8). These end spaces will be used (not in this work) to construct 
completions (compactification under some topological and dynamical conditions) of 
a flow. These completions are related to Freundenthal compactifications [51 [HI E] 
and will permit to apply some nice properties of compact flows to a more general 
class of topological flows. 

It is important to observe that applying the results of this paper to the reversed 
flow we will obtain all the corresponding dual concepts, constructions and proper- 
ties. 

2. Preliminaries on exterior spaces and dynamical systems 

2.1. The categories of proper and exterior spaces. A continuous map / : 
X — > Y is said to be proper if for every closed compact subset K of Y, f _1 {K) 
is a compact subset of X. The category of topological spaces and the subcategory 
of spaces and proper maps will be denoted by Top and P, respectively. This last 
category and its corresponding proper homotopy category are very useful for the 
study of non compact spaces. Nevertheless, one has the problem that P does not 
have enough limits and colimits and then we can not develop the usual homotopy 
constructions such as loops, homotopy limits and colimits, et cetera. An answer to 
this problem is given by the notion of exterior space. The new category of exterior 
spaces and maps is complete and cocomplete and contains as a full subcategory 
the category of spaces and proper maps, see [9l 111] , For more properties and 
applications of exterior homotopy categories we refer the reader to [TQl [3 HI [12l Q3] 
and for a survey of proper homotopy to [21] . 

Definition 2.1. Let (X, t) be a topological space, where X is the subjacent set and 
t its topology. An externology on (X, t) is a non empty collection e (also denoted 
by s(X) ) of open subsets which is closed under finite intersections and such that 
if E £ e, U £ t and E C U then U £ s. The members of e are called exterior 
open subsets. An exterior space (X, e,t) consists of a space (X, t) together with an 
externology e. A map f : (X, e,t) — > (A',e',t') is said to be an exterior map if it 
is continuous and f~ 1 (E) € s, for all E £ e'. 

The category of exterior spaces and maps will be denoted by E. Given an space 
(X, t x ), we can always consider the trivial exterior space taking e = {X} or the 
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total exterior space if one takes e = tx- An important example of externology on a 
given topological space X is the one constituted by the complements of all closed- 
compact subsets of X, that will be called the cocompact externology and usually 
written as e c ( X) . The category of spaces and proper maps can be considered as a full 
subcategory of the category of exterior spaces via the full embedding (-) c : P E. 
The functor (-) c carries a space X to the exterior space X c which is provided with 
the topology of X and the externology £ C (X). A map /: X — > Y is carried to the 
exterior map / c : X c — > Y c given by / c = /. It is easy to check that a continuous 
map / : X — > Y is proper if and only if / = f c : X c — > Y c is exterior. 

An important role in this paper will be played by the following construction 
(-)x(-): Let (X, e(X),tx) be an exterior space, (Y,ty) a topological space and for 
y E Y we denote by (ty) y the family of open neighborhoods of Y at y. We consider 
on X xY the product topology t Xx y an d the externology e(Xx.Y) given by those 
E G txxy such that for each y g y there exists f7 y g (ty)^ and T 1 ' g e(A) such 
that T v xUy C E. This exterior space will be denoted by XxY" in order to avoid a 
possible confusion with the product externology. This construction gives a functor 

(■)*(■): E x Top -> E. 

When y is a compact space, we have that E is an exterior open subset if and only if 
it is an open subset and there exists G g s(X) such that G x Y C E. Furthermore, 
if Y is a compact space and e(X) = s c (X), then e(Xx.Y) coincides with s c (X x Y) 
the externology of the complements of closed-compact subsets of X x Y. We also 
note that if Y is a discrete space, then E is an exterior open subset if and only if 
it is open and for each y g Y there is T v g e(X) such that T y x {y} C E 1 . 

This bar construction provides a natural way to define exterior homotopy in E. 
Indeed, if / denotes the closed unit interval, given exterior maps /, g : X — > Y, it is 
said that / is exterior homotopic to g if there exists an exterior map H : Xxl — > Y 
(called exterior homotopy) such that H(x,0) — f(x) and H(x, 1) = .g(a;), for all 
x g X. The corresponding homotopy category of exterior spaces will be denoted by 
7rE. Similarly, the usual homotopy category of topological spaces will be denoted 
by 7rTop. 

2.2. Dynamical Systems and il-Limits. Next we recall some elementary con- 
cepts about dynamical systems. 

Definition 2.2. A dynamical system (or a How) on a topological space X is a 
continuous map tp: Kxl — > X, tp(t, x) = t ■ x, such that 

(i) ^(0,p)=p,V P eX; 

(ii) (p(t,ip(s,p)) = <p(t + s,p), Vp g X, Vt,sE R. 

A flow on X will be denoted by (X, <p) and when no confusion is possible, we use 
X for short. 

For a subset A C X, we denote inv(A) = {p£ A\R ■ p C A}. 

Definition 2.3. A subset S of a flow X is said to be invariant if inv(S) = S. 

Given a flow tp: RxX — > X one has a subgroup {<p t : X — > X\t g K} of home- 
omorphisms, tpt(x) — ip(t,x), and a family of motions {<p p : R — > X|p g X}, 
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Definition 2.4. Given two flows <p: Kxl — > X, ip: RxY —>Y, a flow morphism 
/: (X, ip) — > (Y, ip) is a continuous map f : X — > Y~ suc/i i/iai /(r ■ p) = r ■ f(p) for 
every rel and /or every pel. 

We note that if 5 C X is invariant, 5 has a flow structure and the inclusion is a 
flow morphism. 

We denote by F the category of flows and flows morphisms. 

We recall some basic fundamental examples: (1) X = M with the action ip: R x 
X -> X, <p(r,s) =r + s. (2) X = S 1 = {z e C\\z\ = 1} with <p: R x X -> X, 
¥>(r,z) = e 2 " r z. (3) X = {0} with the trivial action ip: R x X -> X given by 
i^(r, 0) = 0. In all these cases, the flows only have one trajectory. 

Definition 2.5. For a flow X, the uf -limit set (or right-limit set, or positive limit 
set) of a point p € X is given as follows: 

uj r (p) = {g€ X\3 a net t$ —¥ +oo such that t$ ■ p — > q}- 

If A denotes the closure of a subset A of a topological space, we note that the 
subset co r (p) admits the alternative definition 

Lo r { P ) = p| % +oo) • P 

t>0 

which has the advantage of showing that oj T (p) is closed. 

Definition 2.6. The Q r -limit set of a flow X is the following invariant subset: 

n*(x) = |J ^{ P ) 

p£X 

Now we introduce the basic notions of critical, periodic and r-Poisson stable 
points. 

Definition 2.7. Let X be a flow. A point x £ X is said to be a critical point (or 
a rest point, or an equilibrium point ) if for every r G R, r ■ x = x. We denote by 
C (X) the invariant subset of critical points of X. 

Definition 2.8. Let X be a flow. A point x € X is said to be periodic if there 
is r e R, r / such that r ■ x = x. We denote by P(X) the invariant subset of 
periodic points of X. 

It is clear that a critical point is a periodic point. Then 

C(X) C P(X). 

If x € X is a periodic point but not critical, then the real r / such that 
r ■ x = x and r is called a period of x. The smallest positive period ro of x is called 
the fundamental period of x. Further if r e R is such that r ■ x = x, then there is 
z G Z such that r = zr$. 

Definition 2.9. Let (X, ip) be a flow. A point x e X is said to be r-Poisson stable 
if there is a net tg — > +oo such that t$ ■ x — > x; that is, x e u r (x). We will denote 
by P r (X) the invariant subset of r-Poisson stable points of X. 

The reader can easily check that 

P(X) C P r {X) C n r {x). 

The notions above can be dualized to obtain the notion of the w'-limit (1 for 
'left') set of a point p, the fi 1 - limit of X, 1-Poison stable points, et cetera. 
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Remark 2.10. Observe that when X satisfies the first axiom of countability (for 
instance, when X is metrizable) we can consider sequences instead of nets in defi- 
nitionsUnft and[2lh 



3. End Spaces and Limit Spaces of an exterior space 

In this section we will deal with special limit constructions. Observe that if 
X = (X,e(X)) is an exterior space, then its externology e(X) can be seen as an 
inverse system of spaces. Composing with different cndofunctors Top — > Top and 
taking the corresponding topological inverse limit we will be able to obtain functors 
E -> Top. 

3.1. The functors L,tcq,c: E — > Top. Given an exterior space X = (X,e(X)), 
its externology e(X) is an inverse system of spaces. Then we define the limit space 
of (X,e(X)) as the topological space 

L(X) = lime(X). 

Note that for each E' € e(X) the canonical map \ime(X) — > E' is continuous and 
factorizes as lime(X) — > C^Eee{X)E ~ * E' . Therefore the canonical map \\me{X) — > 
C\E£e(x)E is continuous. On the other side, by the universal property of the inverse 
system, the family of maps (^Eee(x)E E' , E 1 6 s(X) induces a continuous map 
r\ E££ (x)E — > \ime(X). This implies that the canonical map lime(X) — > ^Eee(x)E 
defines a natural homeomorphism. 

We recall that for a topological space Y, tto(Y) denotes the set of path-components 
of Y and we have a canonical map Y — > ttoOO which induces a quotient topology 
on tto(Y). Similarly, If c(Y) denotes the set on connected components of a space 
Y, we have a similar quotient map Y — > c(Y). We remark that if Y is locally 
path-connected (respectively, locally connected), then 7r (F) (c(Y)) is a discrete 
space. 

It is also interesting to note that for any topological space Y, there exists a 
canonical commutative diagram of natural maps: 



tto(Y) >c(Y) 

Definition 3.1. Given an exterior space X = (X, e(X)) the limit space of X is 
the topological subspace 

L(X) = lime(X) = n Eee (x)E. 
The end space of X is the inverse limit 

n (X) — lim7r e(X) = lim tto(E) 

E£e(X) 

provided with the inverse limit topology of the spaces ttq(E). 
The c-end space of X is the inverse limit 

c(X) =limee(X) = lim c(E) 

provided with the inverse limit topology of the spaces c{E). The elements of ttq(X) 
or c{X) will be called end points of X. 
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An end point a G tto(X) is represented by the filter base 

{Ua\Ua is a path-component of E,E e e(X)}. 

We note that a locally path-connected exterior space (X, e(X)) induces the fol- 
lowing family of exterior spaces 

{(X,e(X,a))\aeMX)} 
where e(X, a) is the externology generated by the filter base 

i u a\ u a is a path-component of E,E e s(X)}. 

The end points of c(X) have similar properties. 

It is interesting to observe that if X is an exterior space and X is locally path- 
connected (locally connected), then tto(X) (c(X)) is a prodiscrete space. On the 
other hand, given any exterior space (X,e(X)), we have a canonical commutative 
diagram of natural maps 



L(X) 




MX) >c(x) 

Definition 3.2. Given an exterior space X = (X,e(X j), an end point a <G 7r (X) 
(a e c(X) ) is said to be eo-representable (e-representablej if there is p £ L{X) such 
that eo(p) = a (e(p) — a). Notice that the maps e$: L(X) — > tto(X), e: L{X) — > 
c(X) induce an eQ-decomposition and an e- decomposition 

L(X)= □ L° a (X), L(X)= □ L a (X) 

ae*o(X) aEc(X) 

where L° a (X) = e$ 1 (a) and L a (X) = e _1 (a). These special subsets will be respec- 
tively called the e^-component of the end a € no(X) and the e-component of the end 
a e c(X) in the limit L{X). 

We denote by eoL(X) and eL(X) the corresponding subsets of representable end 
points. It is clear that 

L(X)= □ L° a (X), L{X)= □ L a (X) 

a£e L(X) aeeL(X) 

and for b e eL(X) one has that 

L b (X) = □ L° a (X). 

ae{6- 1 {b)r\e Q L(X)) 

Example 3.3. Let M : R — > (0,1) be an increasing continuous map such that 
lim^-oo M(i) = and \\m t ^ +00 M{t) = 1 and take A = {e 2mt \t e R}, B = 
{M(t)e 2mt \t E R}. Consider I = iUBcC provided with the relative topology 
(observe that X is not locally connected). On the topological space X the flowip: Rx 
X -> X is given by if(r,e 27Tlt ) = e 2 ^ r+t \ ip{r,M{t)e 2nt ) = M(r + t)e 2n( - r+t K It 
is clear that this flow has two trajectories A,B. If for each natural number n we 
denote B n = {M(t)e 27rlt \t > n}, then a base of an externology on X is given by 
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{E n = A U B n \n e N}. Since A, B n are path- connected and B n — E n is connected, 
it follows that ir (E n ) = {A, B n } and c(E n ) — {E n }. Therefore 

TT (X) = c(X) = {*} 

For this example we have L(X) = A, the e - decomposition 

L° A =A, L° B =0 
and the e- decomposition L t = A. This means that *b is not e -representable. 

It is not difficult to check that the functor L preserves homotopies and the 
functors tt , c are invariant by exterior homotopy. 

Lemma 3.4. Suppose that X and Y are exterior spaces and f,g: X — » Y exterior 
maps. 

(i) If H: Xxl — > Y is an exterior homotopy from f to g, then L(H) = 
H\l(x)xi '■ L(XxI) = L(X) x/4 L(Y) is a homotopy from L(f) to L(g). 

(ii) If f is exterior homotopic to g, then fr (f ) = 7ro(s) an d c(/) = c(g). 

As a consequence of this lemma one has: 

Proposition 3.5. The functors L,tt ,c: E — > Top induce functors 

L:7rE^7rTop, 7r , c: 7rE -> Top. 

It is interesting to observe that the functor L: E — > Top admits in a natural 
way a left adjoint: Given a topological space X, recall that we can consider on X 
the trivial externology e tr (X) = {X}. This construction gives the exterior space 
X tr = (X, e tr (X)) and induces the canonical functor (-)tr'- Top — > E, X i-> X tr . 
The reader can straightforwardly check the following result: 

Proposition 3.6. The functor (-) tr : Top — >• E «s /e/t adjoint to the functor L : E — > 
Top. Moreover, this pair of adjoint functors induces an adjunction on the homotopy 
categories: (-)tr : 7rTop — > 7rE, i: 7rE — > 7rTop. 

3.2. The functors L,tiq 1 c: E — > Top. The externology of an exterior space X = 
(X,s(X)) and the closure operator of the subjacent topological space induce the 
following inverse system e(X) = {E\E e e{X)}. Using this new inverse system, we 
can rewrite notions and analogous results of subsection above as follows: 

Definition 3.7. Given an exterior space X = (X,e(X)) the bar-limit space of X 
is the topological subspace 

L(X) = lime(X) = n Ee£{x) E. 
The bar-end space of X is the inverse limit 

no{X) = lim7r £pn = lim ir (E) 

Eee(X) 

provided with the inverse limit topology of the spaces no(E). 
The c-bar-end space of X is the inverse limit 

cpO = limc£pO= lim c(E) 

E(Ee(X) 

provided with the inverse limit topology of the spaces c{E) . 
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Given any exterior space X = (X, e(X)), we have a canonical diagram of natural 
maps 

L(X) 



n (X) 



c(X) 



and there canonical natural maps L(X) C L(X) C L(X), ttq(X) — > n (X), c(X) 
c(X) such that the following diagram is commutative: 

L(X) 



MX) 



c(X) 



L(X) 



MX) 



■c(X) 



Definition 3.8. Given an exterior space X = (X, e(X)), an end point a G Tto(X) 
(a e c(X)) is said to be e -representable (e-representable) if there is p e L(X) such 
that §o(p) = a(e(p) = a). The maps e : L(X) — > Tr (X),e: L(X) — > c(X) induce 
an e~Q- decomposition and an e- decomposition 

L(X)= y L° a (X), L(X)= y L a (x) 



a€ir (X) 



aee(X) 



where L° a (X) = e 1 (a) (L a (X) = e 1 (a)J will be called the eo-component (e- 
component) of the end a G no(X) (a e c(X) ) in the limit L(X). 

We denote by e L(X) (e~L(X)) the corresponding subset of representable end 
points. It is clear that we have a commutative diagram 

L(X) 



e L(X) 



eL{X) 



L(X) 



e L(X) 



■ eL(X) 



We also have the following similar results: 

Lemma 3.9. Suppose that X,Y are exterior spaces and f,g: X — > Y exterior 
maps. 



10J.M. GARCIA CALCINES, L. HERNANDEZ PARICIO AND M. TERESA RIVAS RODRfGUEZ 



(i) If H: Xxl — > Y is an exterior homotopy from f to g, then L(H) = 
H\l(x)xi '■ L(XxI) = L(X) x I — !• L(Y) is a homotopy from L(f) to L{g). 

(ii) If f is exterior homotopic to g, then 7To(/) = tto(<?) an d c(/) = c(g). 

As a consequence of this lemma we have: 
Proposition 3.10. The functors L,# ;C: E — > Top induce functors 
L: 7rE — !• 7rTop, # , c: 7rE -> Top. 



In Proposition |3.6| a left adjoint has been constructed for the functor L. Never- 
theless in the case of functor L we have the following alternative result: 

Proposition 3.11. Suppose that X,Y are exterior spaces and X satisfies that for 
every E € s(X), E = X. Then we have the following canonical infective map 

Hom E (X,Y) -> Hom Top {X t ,L{Y)), 

where Xt denote the subjacent topological space of X. Therefore, if Eden denote the 
full subcategory of exterior spaces X satisfying that for every E £ s(X), E = X , 
then L : Ed cn — > Top is a faithful functor. 

3.3. Topological and exterior properties and canonical maps. Let X = 

(X,e(X)) be an exterior space and consider e(X) = {E\E E e(X)}. 

Definition 3.12. An exterior space X = (X 1 e(X)) is said to be regular at infinity 
(respectively, locally compact at infinity ) if for every E € s{X), there exists E' G 
s(X) such that E' C E (E' is compact and E' C E). 

Obviously, locally compact at infinity implies regular at infinity. 

Example 3.13. As an example of regular at infinity exterior space we can take any 
Hausdorff locally compact space X provided with its cocompact externology. Now, if 
K is a compact subset of X and we take the externology of open neighborhoods of K 
in X , we obtain a new exterior space which is locally compact at infinity. Next, we 
describe an exterior space which is not regular at infinity: Consider the following 
planar differential system 

^ = f(a, 13), -rr = af(a, (3) 

where f(a, f3) > 0, f(a + 1, f3) = f{a+ l,/3 + 1) = f(a, (3 + 1) and a is an irrational 
fixed number. This system induces a flow on the torus X — S 1 x S 1 , which satisfies 
that each trajectory is dense in X. Take the externology s{X) constituted by those 
open subsets E such that for any pel there is ro £ M. such that r ■ p £ E, for all 
f > fQ. Then it is easy to check that the exterior space (X,e(X)) is not regular at 
infinity. 

Proposition 3.14. // an exterior space X = (X, e(X)) is regular at infinity, then 

(i) L(X) = L(X) 

(ii) n (X) = n (X), e Q L(X) = e L(X) 

(iii) c(X) = c(X), eL(X) = eL(X). 

Proposition 3.15. Suppose that X = (X, e(X)) is an exterior space. 

(i) If X is locally path- connected, then tto(X) = c(X), e L(X) = eL(X), 

(ii) If X is locally path- connected and regular at infinity, then ttq(X) ~ ttq(X) = 
c(X) = c(X), e L(X) = e L{X) = eL(X) = el(X). 
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Proposition 3.16. If an exterior space X = (X, s(X)) is locally compact at infin- 
ity, then L(X) = L(X) is compact. 



Proof. Since X is regular at infinity, by Proposition 3.14 L(X) = L(X). Take 
i?o G e {X) such that Eq is compact, then the closed subset satisfies L(X) C E$. 
Therefore L(X) = L(X) is compact. □ 

Theorem 3.17. Let X = (X, s(X)) be an exterior space and suppose that X is 
locally path- connected and locally compact at infinity. Then, 

(i) L{X) = L(X) is compact, 

(ii) e Q L(X) = e L(X) = eL(X) = eL(X) = tt (X) = fr (X) = c(X) = 
c(X) (any end point is representable by a point of the limit), 

(iii) ttq(X) — ttq(X) = c(X) — c(X) is a profinite compact space, 

(iv) If a G tt q (X) = no{X) = c{X) = E(X), then L a {X) = L a (X) = L° a (X) = 
lP a (X) is a non-empty continuum. 



Proof. As a consequence of Propositions 3.15 and 3.16 it follows (i), ttq(X) = 
f (X) = c(X) = c{X) and e L(X) = e L(X) = eL(X) = el{X), 

Now take E £ e(X) such that E is compact, then e'(X) = {E\E e e(X),E C 
Eq} is cofinal and we have L(X) = ^^ e g^x)-^ anc ^ ^(X) = lim^j ef , , x s c(E). 

Note that any end a can be represented by {F}p £c ^ Eee'{X) - Since F is a non- 
empty component of E C Eq, it follows that F is closed (F is a continuum). We 
also have that the family of closed subset {F} Fec ^ -^ es ,^x) satisfies the finite in- 
tersection property. Since Eq is compact, one has that L a (X) = PlFecti?) Eee'(x) ^ 
is a non-empty continuum (see Theorem 6.1.20 in [5 ). Therefore this end is rep- 
resentable by points of the limit space. Since the map e: L(X) — > iro(X) is con- 
tinuous and L(X) is compact it follows that #o(^) is compact. Moreover, since 
jr (X) = lim7To(£ ; ) is prodiscrete, taking into account that ttq(X) is compact, we 
have that no(X) is a profinite compact space. □ 

Remark 3.18. For an ANR exterior space X, under some topological conditions 
the shape of the limit space is determined by the resolution s(X). Some applications 
of shape theory to dynamical systems can be seen in |18l 120) . 

4. The category of t-exterior flows 

We are going to consider the exterior space W = (M, r), where r is the following 
externology: 

r = {U\U is open and there is n 6 N such that (n, +oo) C U}. 

Note that a base for r is given by B(r) = {(n, +oo)|n 6 N}. 

The exterior space M r plays an important role in the definition of r- exterior flow 
below. Such notion mixes the structures of dynamical system and exterior space: 

Definition 4.1. Let M be an exterior space, Mt denote the subjacent topological 
space and Ma denote the set M provided with the discrete topology. An r-exterior 
flow is a continuous flow tp: RxAft —> Mt such that ip: R r xMd — > M is exterior 
and for any t G M, F t : M xl — )■ M, F t (x,s) = (p(ts,x), s G I,x G M, is also 
exterior. 
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An r-exterior flow morphism of r -exterior flows f:M—>Nisa flow morphism 
such that f is exterior. We will denote by E r F the category of r-exterior flows and 
r-exterior flow morphisms. 

Given an r-exterior flow (M,(p) E E r F, one also has a flow (Mt,cp) E F. This 
gives a forgetful functor 

(■)t : E r F — > F. 

Now given a continuous flow X — (X, ip), an open TV G tx is said to be r-exterior 
if for any x E X there is T x g r such that <p{T x x {x}) C iV. It is easy to check that 
the family of r-exterior subsets of X is an externology, denoted by e r (X), which 
gives an exterior space X r = (X, e r (X)) such that ip: M. r xXd —> X r is exterior and 
F t : X r xl — > X T , F t (x,s) = tp(ts,x), is also exterior for every t E M. Therefore 
(X r , ip) is an r-exterior flow which is said to be the r- exterior flow associated to X. 
When there is no possibility of confusion, (X r ,tp) will be briefly denoted by X r . 
Then we have a functor 

(•) r : F -> E r F. 

Note that for a flow (X, ip), HE is an open subset such that E is compact, then 
E is an r-extcrior subset if and only if E is an "absorbing region" in the sense 
of Definition 1.4.2 in pQ. On the other hand, the forgetful functor and the given 
constructions of exterior flows are related as follows: 

Proposition 4.2. The functor (•) r ': F — > E r F is left adjoint to the functor (-) t : E r F — » 
F. Moreover (-)t (-) r = id and F can be considered as a full subcategory o/E r F via 
(•) r - 



Proof. Let X be in F and M be in E r F. If / : X r -> M is a morphism in E r F, then 
it is clear that f : X — (X r ) t — > Mt is a morphism in F. Now take g: X — > Mt a 
morphism in F and E E e(M). Given any x E X one has g{x) E M and, taking into 
account that M is an r-exterior flow, there exists T 9 ^ such that T 9 ^ ■ g(x) C E. 
This implies that T 9 ^ ■ x C g^{E). Therefore g-\E) E e{X r ) = e T {X). □ 

4.1. End Spaces and Limit Spaces of an exterior flow. In section [3] we have 
defined the end and limit spaces of an exterior space. In particular, since any r- 
exterior flow X is an exterior space, we can consider the end spaces 710(^)7 
ttq(X), c(X) and the limit spaces L(X), L(X). Notice that one has the following 
properties: 

Proposition 4.3. Suppose that X = (X,(p) is an r-exterior flow. Then 

(i) The spaces L(X), L(X) are invariant; 

(ii) There are trivial flows induced on iro(X), c(X), ttq(X) and c(X). 



Proof, (i): We have that L(X) = n Eee{X )E. Note that for any s E E, <p„(E) E e(X) 
if and only if E G e(X). Then <p„(L(X)) = p s {^Eee(x)E)_ = C\ E ee(X)Vs(E) = 
C^E££(x)E — L(X). In a similar way, it can be checked that L{X) is also invariant. 

(ii): For any s £ I, consider the exterior homotopy F s : Xxl — > X, F s (x,t) = 
ip(ts,x), from idx to ip s . By Lemma 3.4 it follows that id = ttq(p s ). Therefore 
the induced action is trivial. In the other cases the proof is similar using Lemma 

332 □ 

As a consequence of this result, one has functors L, n , c, L, fr , c: E r F — > F. 
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Proposition 4.4. The functors L, jr , c, L, 7r , c: E r F — »■ F induce functors 

L,L: 7rE r F -> ttF, tt , c, tt , c: 7rE r F -> F, 

w/iere tfte homotopy categories are constructed in a canonical way. 

4.2. The end point of a trajectory and the induced decompositions of 
an exterior flow. For a r exterior flow X, one has that each trajectory has an 
end point given as follows: Given p G X and E G e(X), there is T p G r such 
that T p ■ p C £7. We can suppose that T p is path-connected and therefore so is 
T p ■ p; this way there is a unique path-component u>®(p, E) (component ui T (p,E)) 
of E such that T p ■ p C u°(p,E) C E (T p ■ p C u r (p,E) C £). This gives 
set maps uj°(-,E): X -> 7r (£) and w° : X -> 7r P0 (w r (■,£): X -> c(£) and 
uj r : X — > c(X)) such that the following diagram commutes: 



L(X) 




These maps permit to divide a flow in simpler flows. 
Definition 4.5. Let X be an r- exterior flow. We will consider X® r s = 
a G TTo(X) and -X( r ,&) = u>~ (b), b G c(X). T7ie invariant spaces X? r s and X^ ^ 
will be called the w^-basin at a G ito(X) and the w r -basin at b G c(X), respectively. 

The maps w° and uj r induce the following partitions of X in simpler flows 

X= U X (°r,a)> X = U X ( r ' b ) 

aG7ro(V) 6£c(V) 

that will be called respectively, the w° -decomposition and the uj r -decomposition of 
the r-exterior flow X. 

Similarly, given p G X, if cj°(p, -E) is the path-component of E such that T p -p C 
C £7, then we also have that T p ■ p C w°(p,S) C u>°(p,E) C £7, where 
cl>r (p, £7) is the unique path-component of E containing T p ■ p. In the same way as 
above, we have maps ui^(-,E): X — > n (E) and w° : X — > 7ToPO- Analogously, we 
obtain set maps w r (-,£7): X — > c(E) and w r : I -> c(X) such that the following 
diagram commutes: 



L(X) 



to (A) 




c(X) 



Remark 4.6. it is important to note that the maps u>®> w r > c^, w r weed not &e 
continuous. 
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As in the case above we can consider the corresponding o^-basin and w r -basin, 
denoted by X? a ^ = (di°) _1 (a), X^ ra ) — iD^ 1 (a), respectively, and their induced 
decompositions. We also note that the following diagram commutes: 

X 



MX) 




Definition 4.7. Let X be an r- exterior flow. An end point a € no(X) is said to 
be -representable (similarly for u! r ,uj®, ui r ) if there is p £ X such that LO®(p) = a. 

Denote by io^(X) the space of w°-representable end points (similarly, u r (X), 
u]®{X), ui r (X)). Since the w-decompositions of X are compatible with the e-de- 
compositions of the limit subspace, we have the following commutative diagram of 
representable end points: 



e L(X) 



eL(X) 



e L(X) 



■Ur(X) 



_Y 

eL{X) 



Y 



*°AX) 

Proposition 4.8. Let X be an r- exterior flow. Then 

(i) w r (p) C L Qi{p) (X), for any pel. 

(ii) If a £ c(X) is uj r -representable (that is, -X7 r ,a) = uj^ 1 ^) 7^ %) and there 
exists p £ -^(r,a) such that ui r {p) ^ 0, then a is e-representable. 



Proof, (i) If q £ w r (p), then q £ HxerT ■ p. On the other hand, given E £ s(X), if 
Cu r (a,E) is the connected component of E determined by a, since ui r {p) — a i there 
is T £ r such that T ■ p C w r (a, E). Then q £ Co r (a, E) for every E £ e(X) and q £ 
L(X). This implies that e(q) = a for any q £ oj T (p). Therefore ui T (p) C L GJr ^{X). 
(ii) It follows from (i). □ 

Proposition 4.9. Let X be an v-exterior flow and for p £ X denote j r {p) = 
{r • p\r > 0}. If J r (p) H L{X) ^ 0, then Co r {p) is e-representable. 



Proof. We note that "/ r (p) = j r (p)Uuj r (p). lip £ L(X), then u> r (p) 
is e-representable. If p g' L(X), then 7 r (p) n L(X) 
Then u r (p) ^ 



e(p) and w r (p) 
and 7r (p) nL(X) =uj r (p). 
and, by Proposition 4.8 above, u) r (p) is e-representable. □ 
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5. End and Limit spaces of a flow via exterior flows 
Recall that we have considered the functor: 

(•) r : F -> E r F 

and the functors: 

L, fr , c, L, #o, c: E r F -> F. 
Therefore we can consider the composites: 

L r = L(-y, K = M-r, c r = c(-y, L' = L(-) r , t r = # (-) r , a r = c(-) r 

to obtain functors L T , 7Tq , c r , L r , 7fo r , c r : F — > F. 

In this way, given a flow X, we have the end spaces tTq(X) = fr (X r ), c r (X) = 
c(X r ), the limit space L r (X) = L(X V ), the bar-end spaces TVo r (X) = fto(X T ), 
c r (X) = c{X r ) and the bar-limit space U{X) = L{X r ). 

Similarly, using the associated exterior flow X r , we denote 

*(°,a) = ^r)-\a), aeir^X) 
X (r, a ) =u~ 1 (a), aec r (X) 
The maps uj t induce the following partitions of X in simpler flows 

X = U X (r,a)> X = U X <- r ' a ) 
aefr^(X) a£c r (X) 

that will be called respectively, the (^"decomposition and the w r -decomposition of 
the flow X. Now take 

Xl a) = (^)-'(a), aen r (X) 

X {Tya) =u)- 1 (a), aed r (X) 

the maps ui°, ui r induce the (^-decomposition and the w r -decomposition of the flow 
X : 

X= U *(°,<0' X= U X (^ a )' 

aen r (X) a£Z*(X) 

It is interesting to consider the following equivalence of categories: Given any 
flow tp : K x X — > X, one can consider the reversed flow ip' : Rx X ^ X defined by 
<f'(r, x) — <f(—r, x), for every (r, x) elxl. The correspondence, (X, if) — > (X, tp'), 
gives rise to a functor 

(•)': F^ F 

which is an equivalence of categories and verifies (■)'(■)' = id. Using the composites 
L l = 7T = (■)%(■)', c 1 = (.)'c r (-)' 

V = *«/ = (■)%'{■)', c 1 = (.)'?(■)' 

we obtain the new functors L l , w , c 1 , L 1 , 7To\ c 1 : F — ► F and the decompositions 

X= U X (L)' X= U X (i><0 

aefrJ(V) o£c'(X) 

X = U ^(U)' X= U X M- 
oGto'(^) aeE'(X) 
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Remark 5.1. All decompositions above can be considered as generalizations for a 
continuous flow of the disjoint union of "stable " ( or "unstable " for the dual case ) 
submanifolds of a differentiate flow (see [17] . |18) . [19] J. 

We note that the decompositions of a flow X are compatible with decompositions 
of limit subspaces. 

For a Morse function 16J /: M — > R, where M is a compact T 2 Riemannian 
manifold, one has that the opposite of the gradient of the / induces a flow with 
a finite number of critical points. In this case, we have that M is locally path- 
connected and the flow is r-regular at infinity. Then we have all the properties 
obtained by Theorem 3.17 For instance we can take the height function of a 
2-torus: 

Example 5.2. Let p:Rx (S 1 x S 1 ) —> S 1 x S 1 be the flow induced by the opposite 
of the gradient of the height function with four critical points: 




In this example, the limit space, end space and decomposition of the flow and the 
reverse flow are given in the following table: 



L* = {P 0) P 1) P 2 ,P 3 } 


fcr o = {Po,P 1 ,P 2 ,P 3 } 


L Pi = {Pi} 




X(r,P 3 ) = {P 3 } 


X { ^ P2) ={P 2 }U^Uji 


X { r, Pl) = {Pi}U7?U7 1 2 


X (r,P ) = (S 1 X 5" 1 ) \ |Ji=l X (r,Pi) 


L l = {P ,P 1 ,P 2 ,P 3 } 


7C l Q = {P ,P 1 ,P 2 ,P 3 } 


L l Pi = {Pi} 




X (l,P ) = { P o} 


x (ltPl) ={P 1 }u^u% 


X {h p 2) = {P 2 }U 1 fUj 2 1 


X {ltP3) - (S 1 x S 1 ) \ \JUx M) 



Now we consider a flow induced by a lineal differential equation on 
induces a new flow on the Alexandrov one-point compactification S 2 - 



I 2 that also 
M 2 U {00}. 
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Example 5.3. Consider on S 2 the flow induced by tp(r,(ui,U2)) — (e rAl ui, e rA2 it2), 
U\,U2 € K, ip(r, oo) = oo, (\\ > 0, A2 < Oj 



V II \\ 


\\ \\\ * 


. \\\\\ 

x \ \\ \\ 


// /// , 



The limit spaces, end spaces and decomposition of the flow (S 2 ,4>) (as well as 
the reverse flow) are given in the following table: 



U = {0,oo} 


rrg = {0,oo} 


L'o = {0} 


Llo = {00} 


*(r,0) = {0} x R 


*(r,co) = ((R\{0})xR)U{oo} 


L l = {0,oo} 




L l = {0} 


LL = 


X (m = Rx {0} 


X (1;Oo) = (ffix(K\{0}))U{cx3} 



6. Relations between limit and end spaces of a flow and its 
dynamical properties 

6.1. Periodic points. The relation of the limit space of a flow or an r-exterior 
flow and the subflow of periodic points is analysed in the following results: 

Lemma 6.1. If X is an r-exterior flow, then P(X) C L(X). In particular, if X 
is a flow, then P{X) C L V (X). 



Proof. Take x a periodic point and E £ s{X) arbitrary. Then there exists T e r 
such that T ■ x <Z E. Since x is periodic, T ■ x = K • x and taking into account that 
x G M • x, we have that that x e E. □ 

Lemma 6.2. Let X be a flow and suppose that X is a T\-space. Then, for every 
x € X the following statements are equivalent: 

(i) x is a non-periodic point. 

(ii) X \ {x} is an r-exterior subset of X. 



Proof, (i) implies (ii): Take y € X; if the trajectory of y is different of the trajectory 
of x, then for every Te r, T ■ y C If y is in the trajectory of x, considering 

that x is not periodic, one can find T £ r such that T ■ y C X \ {x}. Then, one has 
that X \ {x} <E s r (X). Conversely, suppose that a; is a periodic point, by Lemma 



6.1 above X \ {x} is not r-exterior. □ 
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Theorem 6.3. Let X be a flow and suppose that X is a T\-space. Then 

P(X) = L*(X). 



Proof. Let x G X \ P{X). Then, by Lemma [6^2| one has that X \ {x} G e r {X) and 
P(X)=X\( |J {x})= f| X\{x}D f| E = L*{X). 

xgP(X) x(£P(X) Eee r (X) 

Now the results follows from Lemma [6.11 □ 

Taking into account the result above, if X is flow and X is a T\ space we also 
have that 

L r (X) = P(X) C P r (X) C n r (x) C X. 
6.2. Limit spaces and invariant sets. 

Lemma 6.4. Given a flow ip : R x X — > X and A C X we have that 

mv(A) = P| (p r (A). 

res. 

Proof. If p € inv(yl), then K • p C A. Notice that p = (^ r .(y_ r (p)) € so 
p G nreR^rl^)- Conversely, if p e P|, r£R ^(A), then p = (p r (x r ), x r € A. This 
implies that (^_ r (p) = x r E A and p G inv(A). □ 



Then, by Proposition 4.3 we obtain: 

Proposition 6.5. If X is an r- exterior flow, then 

(i) L(X) = \im Ee£(x) _E = lim Eee( x) inv(£-), 

(ii) L(X) = lim E ee(x) E = lim E e e (x) 'mv(E). 

Next we give a characterization of the points lying in the difference L(X)\L(X) : 

Proposition 6.6. Let X be an r- exterior flow and x £ L(X). Then x € L(X) \ 
L(X) if and only if there exist E G s(X) and t € K such that t ■ x G Fr(_B). 

Note that propositions above can be applied to L r (X) and L r (X) for a continuous 
flow X. 

6.3. Limits and £!-limits. In the following result, we analyse the relationship 
between f2 r -limit and the bar-limit induced by an externology. 

Lemma 6.7. If X is an r- exterior flow, then 

n r (x) c L(x) 

Proof. If E G e(X), for every x G X there exist T G r such that T-x C E. Therefore 
T ■ x G E. By definition this implies that us r (x) C L(X) for every x G X. Hence 

n r (x) c □ 

Proposition 6.8. Let X be an v-exterior flow, e{X) its externology and x G X. 
Then there exists V x G (tx) x such that X \ V x G e(^) if and only if x g" L{X). 
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Proof. Suppose that X\V X £ e(X). Since V x n(X\ V x ) = 0, then x <£ X\V X . 
Since X \ V x e e(X), it follows that x Hseeix) & = L ( x )- 

Conversely, if x L(X), then there is £ £ e(X) such that x $ E. Taking 
V x = X \ E =mt{X \ E), we have that X \V X =mt(X \ V x ) =mt(E) D E. 
Consequently, X \ V x e e{X). □ 

Corollary 6.9. Let X be an v-exterior flow, e(X) its externology and x G X. If 
there exists V x € (tx) x such that X \ V x E s(X), then x $ fl r (X). 



Proof. It is a consequence of Proposition |6.8| and Lemma 6.7 □ 



Corollary 6.10. Let X be a flow and x £ X. If there exists V x € {tx) x such that 
X \ V x is v-exterior, then x £ Q r (X). 

Lemma 6.11. Let X be a flow and X is a locally compact regular space. If x $ 
Q r (X), then there exists V x € {tx) x such that X \ V x is v-exterior. 



Proof. Suppose that x $ £l r (X). Since X is locally compact, there is a compact 
neighborhood K at x such that K n ft r (X) = 0. Take y £ X and assume that 
for every Ter, T ■ y C\ K ^ %. Then there is a sequence t n — > +oo such that 
t n ' y G K. Since K is compact, one can take a subsequence t ni +oo such that 
tm • U u G K. This fact implies that u G K P\ ui r (y) C K n fl r (X), which is a 
contradiction. Therefore, there is T such that T ■ y D K = 0. Since X is regular, 
one has that there is V x £ (tx)j. such that V x C K and X \ V x is r-exterior. □ 

Corollary 6.12. Let X be a flow. If X is a locally compact regular space, then 
L T {X) C W{X). 



Proof. If x fl r (X), by lemma above, there exists V x £ {^x) x such that X \ V x is 



r-exterior. By Proposition 6.8 it follows that x L r (X). □ 



Theorem 6.13. Let X be a flow. If X is a locally compact regular space, then 
L r {X) = Q r (X). 



Proof. By corollary above L r (X) C fi r (X) and by Lemma 6.7 Q r (X) C L(X). □ 



Corollary 6.14. Let X be a flow. If X is a locally compact T3 space, thenL T {X) 
P(X), L r (X) = fl r (X) and 



L r (x) = p(x) c P r (x) c n r (x) c n r (x) = L r (x). 



Proof. It is a consequence of Theorems |6.3| and |6.13| 



□ 
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